In this paper we obtain asymptotic expansion for solutions of singularly perturbed ordinary differential equations with any degree of accuracy in a special critical case.
Introduction
Consider the problem Coushi:
where D(t) = diag { (t + i) 2 , (t − i) 2 } , h = colon(1, 1), t ∈ [0, √ 3], ε > 0 is a small parameter.
The problem (1)- (2) has the solution in the form of: 
The following question is raised: how is the solution (3) represented in the form of the asymptotical expansion:
x(t, ε) = f 1 (t, ε) + f 2 (t, ε) + ... ,
where f 2 (t, ε) = o (f 1 (t, ε)) , ... at ε → 0 for t ∈ [0, √ 3] ? Stability conditions [8] for the solution (3) hold at t < 1. If t belongs to [1, √ 3] , the stability conditions are not valid. Therefore on [0, 1 − α] , where 0 < α << 1, expansion in the form of a regular and boundary series by powers of a small parameter ε takes place. Moreover, an estimate for the remainder term of the expansion is based essentially on the stability condition. We consider the segment [0,
√ 3] where stability conditions [8] are not valid and, moreover, Re
. This case will be said the special critical case. In [6] , it was studied the problem when the matrix M (t), composed from eigenvalues of the matrix A(t), changed the sign on the segment [t 0 , T ]. As a result, it was detected that it was necessary attraction of ideas of the theory of analytical functions to develop the general mathematical approach. At the end of the last century, developing the ideas of [6] , it was worked out a more universal approach to study stability of singularly perturbed systems, combined ideas of boundedness and completeness of sets, -the method of level curves [4] . The cases were investigated when eigenvalues of the matrixfunction M (t) changed the sign on the segment [t 0 , T ] repeatedly. The essential moment was the fact that the boundaries of these sets were the level curves of some harmonic functions that connect points of stable and unstable intervals. To study stability of analytical solutions of initial problems for the systems in the form of (1), the uniform approach was developed with attraction of general topological approaches for the most generality of results. The cases of unbounded and open sets were not considered. In [7] , the problem (1)- (2) is considered with the matrix
It is proved that the solution of the problem is asymptotically close to the solution of the degenerate system on the interval [t 0 , +∞], moreover the stationary point is unstable in this part of the interval.
In the present paper, eigenvalues of the matrix A (t) do not have zeros and poles in the considered set, in addition, this set is unbounded. If investigate behavior of solutions of the given system with the help of ideas of [6] , then behavior of solutions on the interval [T 0 − α, T 0 ] , where α > 0 is a number independent of ε, remains open. The problem in this statement is studied for the first time.
Main Results
If t ∈ [0, 1], then the following equality
takes place. Using ideas of transfer to the complex set [1] , [2] , [3] , [5] we show that the equality (5) is valid at t ∈ 0, √ 3 , too. Select the main term of the asymptotical expansion for the solution x(t, ε).
Let x(t, ε) = colon (x 1 (t, ε), x 2 (t, ε)) . Then the solutions (3) in coordinates has the form of:
where t 1 , t 2 ; τ 1 , τ 2 ;r,r ,φ,φ ; r, r , ϕ, ϕ are real variables;
is the closed triangle with vertexes in the points A (0, −1) , B (0, 1) , C 0, √ 3 . The real axis is the symmetry axis for H 0 .
If (t 1 , t 2 ) ∈ H 0 , then we have:
Therefore we have for (t 1 , t 2 ) ∈ H 0 :
Now we estimate the integral J 1 (t, ε). It should be noted, the estimate for the integral J 2 (t, ε) is calculated similarly.
Letφ 01 ,φ 01 be two sequential solutions of the equation cos(n + 1)φ = 0, moreover, cos(n + 1)φ < 0 atφ ∈ (φ 01 ,φ 01 ) . We put here and later on n = 2 (n + 1 = 3). Then there is the unique solutionφ 0 ∈ (φ 01 ,φ 01 ) of the equation cos(n + 1)φ 0 = −1.
Let δ(ε) = ε ln ε at 0 < ε ≤ e −1 , and δ(0) = 0; δ 0 be a constant, in addition 0 < δ 0 << 1. Now take two solutions ϕ 1 , ϕ 1 of the equation cos(n + 1)ϕ = δ 0 such that ϕ 1 →φ 01 , ϕ 1 →φ 01 at δ 0 → 0. Further take Φ 0 , Φ 0 such that cos (n + 1) Φ 0 = cos (n + 1)
, moreover, Φ 0 ∈ (φ 01 ,φ 0 ) , Φ 0 ∈ (φ 0 ,φ 01 ) . We divide the figure on four parts:
ε , where
Denote by p = p ((a, b), (c, d) ) the straight line connecting the point (a, b) with the point (c, d), and by d = d ((R, ϕ ), (R, ϕ )) the segment of the arc with the center in the point (0, −1) and the radius R connecting the point (R, ϕ ) with the point (R, ϕ ).
Let:
The integration way l will be chosen as follows:
The integration way l * for x 2 (t, ε) is symmetric for l with respect to the real axis.
The following estimates are valid:
where ω(r,φ) = ε, at (r,φ) ∈ H 1 ; ε 1 3 , at (r,φ) ∈ (H 0 \H 1 ) , ω(r,φ) is a symmetric function to ω(r,φ) with respect to the real axis, i.e. if (r,φ) , (r * ,φ * ) are symmetric points with respect to the real axis, then ω (r,φ) =ω(r * ,φ * ). Here the value of J 1 (t, ε) is estimated up to O ε Note that t * 1 = γ(ε) is uniquely defined in a neighborhood of the point (t * 1 = 0, ε = 0) from the equality
where γ(ε) ≥ 0 is a continuous function of ε at 0 ≤ ε ≤ ε 0 , moreover lim [(t + i)
